We study corrections to electroweak precision variables in a model with strongly interacting singlet Higgs particles.
Introduction
With the close of the LEP experiments the structure of the weak interactions as a gauge theory has been fully confirmed. The only missing ingredient at the moment is direct evidence of the Higgs sector. The LEP-200 experiment gives a lower bound of m H > 113GeV [1] . The precision measurements at LEP-1 and SLC imply a relatively low Higgs mass ( < 170GeV ) [2] , though some lingering doubts remain because of the different values for the hadronic and leptonic data.
If the Higgs boson is indeed light and of the standard model type, it should be easy to find at the LHC. However the precision data do not prove that this is indeed the case. There are still two possibilities to hide the Higgs boson at the LHC. The first is that the Higgs boson is simply too heavy to be produced. Within the standard model this implies strong interactions. In that case the limit on the Higgs boson mass, which comes from one-loop calculations is not reliable. While the two-loop corrections are small and cannot provide for a fit to a heavy Higgs-boson, the full higher order results could be different. There are some indications in the literature that resumming bubble-graphs in the Higgs propagator can lead to a saturation of the radiative corrections. The second way to hide a Higgs boson at the LHC is by the introduction of singlet Higgs fields ref. [3] [4] [5] [6] [7] [8] [9] [10] [11] . In this case there are two effects.
One is mixing of the doublet and singlet Higgs boson, leading to a split of the Higgs peak into different peaks, each being less significant than a single standard model peak. The second effect is the possibility of decay into invisible singlet particles. The invisible decay width is not necessarily small, so one could have a light Higgs particle with a large invisible width.
One can also combine mixing and invisible decay, to generate a Higgs signal spread out over an arbitrary energy range with a large invisible decay fraction. Such a Higgs signal would be extremely hard to identify at the LHC, since there is no peak in the signal compared to the background. The signal would be an overall enhancement of missing energy. For this to be useful, one has to know the background very precisely. The background cannot be calculated precisely at the LHC; however at a high energy e + e − collider there is no problem to look for this signal. It is important to point out here that an additional phenomenological advantage of introducing the singlet Higgs fields is that they would be prime candidates for self-interacting cold dark matter. In fact, the model introduced in the next section is the simplest one with WIMPS.
There is therefore the realistic possibility that the LHC will not see evidence for the Higgs sector. That means that the only information would consist of the LEP precision measurements. It is for this reason, that we decided to look more carefully at the radiative corrections in the invisible Higgs scenario. As both a large width and strong interactions can play a role we decided to study the radiative corrections in the so-called stealthy Higgs model [9] .
We describe the model in chapter 2. In chapter 3 we discuss some analytical results for the simplest case, to gain some understanding on the difference between the all order bubble resummation from the 1/N expansion and the results of finite order in perturbation theory.
In chapter 4 we give numerical results. In chapter 5 we discuss the results and give our conclusions.
The Higgs-O(N )-Singlet Model
To illustrate the consequences of a hidden sector coupled to the Higgs boson in a possibly strong way, we want to consider the case of scalar gauge singlets -let us call them "Phions", -added to the SM. To deal with the case of strong interactions we introduce an N-plet of such Phions. This allows us to use nonperturbative 1/N-methods. Neglecting all the fermions and gauge couplings for the moment, our model consists of the SM Higgs sector coupled to an O(N)-symmetric scalar model. Similar models can be found in Ref. [5, 6, 7] .
Our Lagrangian density is:
Here we use a metric with signature (− + ++). In the case of large non standard couplings ω and κ, loop induced operators with external Higgs and Phion fields appear and are not negligible. They are only suppressed by powers of 1/N. For the discussion of Higgs signatures, it is enough to focus on the Higgs-propagator.
As shown above the propagator is modified by the Phions. In the leading order in 1/N, which is found in the limit N → ∞, the Higgs self-energy is given by an infinite sum of Phion bubble terms. Regularization of the divergent bubbles, i. e. absorbing the divergent and some constant contributions into the bare parameters, is done by subtraction of the logarithmically divergent part . With this regularization, the Euclidean bubble integral
becomes above the Phion threshold
with the arbitrary renormalization scale µ. In the case of massless Phions this simply reduces
The bubble sum is the geometric series of the integral times a coupling.
Adding up all regularized terms gives the inverse Higgs propagator Defining the mass by the location of the resonance on the real p 2 -axis fixes our renormalization scale µ by the equation
Using this relation, the abbreviationsω 2 = ω 2 /(32π 2 ),κ = κ/(32π 2 ) and r(x) = 1 − 4 m 2 φ /x, one finds, after splitting the integral in its real and imaginary part
an expression for the Higgs propagator, in terms of running quantities:
Remember that this expression is only valid above the Phion threshold.
The advantage of this model is that one can study separately the effect of a strong coupling ω of the standard model Higgs to the hidden sector and of strong interactions κ within the hidden sector. Thereby one separates the effects of a large width from the effects of strong interactions. We mention that the standard model in the 1/N expansion [12, 13, 14, 15] is reproduced within this model by taking m 2 H = 2λv 2 and ω = κ = 2λ.
Analytical Considerations.
In this chapter we discuss some analytical results. At first sight this would appear to be a hopeless undertaking, because of the complicated form of the propagator. Also there seems to be no reason to do so. Naively one would take simply the non-perturbative Higgspropagator, insert it in the diagrams and calculate the result numerically. This has indeed been tried in the literature [13, 14, 15] . However this procedure has a problem due to the presence of a tachyon in the propagator and one will not get finite results. In order to better understand what is going on, it is therefore advantageous to attempt an analytic calculation.
This is clearly not possible in the general case. We will study therefore the simplified case m P = 0 and κ = 0. Physically we have an unstable Higgs-particle with a width determined by the coupling ω. The Higgs-propagator simplifies to:
with Γ = ω 2 v 2 32π 2 . We limit the discussion in this chapter to the so-called ρ parameter, which is the ratio of neutral to charged current strengths.
At the tree-level ρ = 1; the correction is given by
where δM 
The Standard Model
Within the standard model the one-loop Higgs mass dependent correction to δρ is simplest decribed in the unitary gauge. Here only one diagram contributes, the tadpole like graphs containing the 2H − 2W -vertex cancel in δρ. One finds, using dimensional regularization, with n the dimension of spacetime :
The contribution from these Higgs-dependent graphs is still infinite, of the form:
The infinite piece cancels against the infinities coming from the pure W-boson graphs, that are independent of the form of the Higgs-propagator. The explicit form of the finite part is quite complicated. To get a simple result for the Higgs-mass dependence only, we subtract the contribution for the fictitious case m H = 0:
In the limit tg(θ W ) → 0 this simplifies to :
showing the close connection between the ρ parameter and the hypercharge coupling. If we further assume that m H >> M W one can simply express the ρ parameter by the integral:
This form is useful for the more elaborate calculations later on. In the large Higgs mass limit one finds therefore:
Two-Loop Result
The correction δρ 2 at the two-loop level can be straightforwardly calculated using the techniques of ref. [16, 17] . Experience from the standard model where it was found that δρ 2 ≈ m 2 H would lead one to expect that in our model
However an explicit calculation gives :
This shows that for large Higgs mass the two-loop correction is suppressed compared to naive expectations. This might be a clue as to why the standard model coefficient of the two-loop corrections to electroweak quantities is very small. Indeed the inclusion of the two-loop heavy Higgs corrections within the standard model do not significantly effect the electroweak fits. This might therefore indicate that the first large corrections would appear at the three-loop level in the ρ parameter. Indeed it is known from calculations in the standard model, that only at the two-loop level there are large changes in the Higgs-propagator. Since the ρ-parameter probes the Higgs propagator indirectly, two-loop corrections in the Higgspropagator translate into thee-loop corrections in the ρ-parameter. In any case the above result shows that it is important to check what happens at higher order.
All Orders Perturbation Theory
To calculate the all orders results we work in the limit where the Higgs mass is large and tg(θ W ) small, so that we can ignore the mass of the vectorbosons within the diagrams. Going to Euclidean space a diagram with n phion-bubbles can then be written in the form :
Going to polar coordinates the 1/k 2 factor cancels in the d 4 k integration, thereby simplifying the integrals. Keeping the coupling constants we find:
The integrals can be performed explicitely to give:
where B n are the Bernouilli numbers. Since the odd Bernouilli numbers are 0, only the graphs with an even number of phion-bubbles contribute, which explains the suppression found in the previous section. The series found above is clearly divergent. The question is whether it is resummable. The Borel sum is defined as follows. Given the above series ∞ n=2 a n ∆ n we form the new "Borel" series F (z) = ∞ n=2 a n z n−1 /(n − 1)!. We find :
The Borel transform has an infinity of poles for positive values of the coupling constant ∆. This means that there is no unambiguous way to resum the perturbative series, so that non-perturbative effects much be present. We will return to the significance of this result for vacuum instability in the next section.
Non-perturbative Contribution.
Given the fact that the perturbation theory does not converge, we try to calculate the corection to δρ by first resumming the phion-bubbles within the propgator and then inserting the dressed propagator in the diagram. The most efficient way to calculate δρ is to use the Kallén-Lehmann representation for the Higgs propagator:
Figuratively speaking we thereby write the Higgs propagator as the sum (integral) of a number of Higgses with different masses. The contribution to δρ is then a weighted sum over the different Higgs masses: found that depending on the parameters there can be, in general more than one unphysical pole, however for the case at hand, i.e.,κ = 0 and massless Phions, there is indeed only one tachyonic pole.The simplest way to treat this tachyon pole is to subtract it from the propagator. In that case one finds an, at first sight acceptable, spectral density:
When one tries to calculate the ρ-parameter with this spectral density one runs into a prob- The condition is however not fulfilled for the tachyon-subtracted resummed propagator. By a simple contour integral one sees that the difference is indeed due to the tachyon pole:
A graph of the factor as a function of ∆ is given in fig.[1] . The effect is non-perturbative as s 0 ≈ exp(−1/∆) for ∆ → 0. Also for very large width the effect becomes small as then s 0 → 1. The effect is numerically largest for ∆ = 1. The presence of the tachyon can be understood as an artefact of the approximation we made. We took into account only the bubble graphs connecting a Higgs-boson with two phions. This means that we are effectively dealing with a φ 3 theory, thereby having no lowest energy state. The presence of the non-perturbative tachyon thus signifies the possibility of the vacuum being unstable.
This vacuum instability was already indicated in the previous subsection by the singularities of the Borel transform on the positive real axis. It is similar to the instability of the QED vacuum against formation of electron-positron pairs in the presence of strong electric fields [18] . Indeed such considerations already exist in the literature [19] . Using these results and deforming the relevant contours it is easy to determine the imaginary part of the vacuum to vacuum phase (δ) which is related to the probability of vacuum decay. We find,
This expression exhibits the same qualitative behaviour outlined above.
In the full theory, the spectral density does not just contain the two-phion cut, there are also two-Higgs and multi-phion cuts. Since the full theory has a vacuum the tachyonpole should disappear when all graphs are taken into account. However finding the exact propagator would mean solving the theory completely. This is not possible at present. As long as we are limited to summing partial sets of graphs such instabilities are bound to be present. To still get a reasonable idea of the possible effects of a large Higgs width, we have to find a phenomenological prescription to deal with this problem. The prescription has to satisfy two conditions, first it should reproduce perturbation theory, second it should satisfy the Kallén-Lehmann representation for the Higgs propagator. We chose therefore to do the following. We start with the resummed propagator and subtract the tachyon pole. The resulting spectral density is positive definite and non-zero only for s ′ > 0. It is however not correctly normalized, so we multiply the spectral density with the nonperturbative correction factor (∆ + s 0 )/∆. This way we keep the shape of the spectral density the same, basically assuming that the spectral density is dominated by the two-phion states. This is not a perfect procedure of course, but lacking the means to solve the theory exactly, it appears the best one can do. From the numbers in fig.[1] we expect the result not to be too far from the truth.
Numerical results.
The above considerations are applied in this section to the calculation of δρ and of the S parameter in the stealthy Higgs model.
From the discussion in sections 2,3 we may write down the following formulae for these parameters. Consider first the difference of the ρ parameter in the Stealthy Higgs model and in the Standard model: Another case of special interest is the Standard model in the 1/N limit, which has also been discussed in [12, 13, 14, 15] . This model corresponds to m 2 H = 2λv 2 , ω = κ = 2λ. The graphs for the radiative corrections are given in figs. [5] [6] . It is to be noted here that in the analysis of the 1/N limit, we are keeping the vector boson mass to be fixed. Thus in the figures for this case, we have used v/ √ N for the vacuum expectation value. We see that for a large range of the Higgs mass, up to about 1T eV there is essentially no change compared to the standard model one-loop corrections. After this scale the strong interactions take over and have the effect, both in S and T, of increasing the large Higgs-mass growth of the radiative corrections. This does not happen with S and T in the same way, so that there is a Higgs mass dependence in the sum 6πS + 8/3πcos 2 (θ W )T as seen in fig.[7] . This appears Finally figs. [8] [9] [10] illustrate the κ dependence of the difference of the S and T parameters for the Stealth and Standard models. The conclusions here are the similar to the κ = 0 case. 
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Appendix
In this appendix we will discuss the question of the renormalization of the Higgs propagator spectral density in some more detail than in the main text.
It was argued in sec. 3.4 that a necessary condition for the finiteness of the theory is :
Since the resummed propagator contains a tachyon pole which is an artifact of the approximation procedure, we choose to subtract this pole. The resulting spectral density σ ′ (s ′ ) is however not properly normalized. Indeed, let us note that we may write for the inverse propagator near a zero at k 2 = −m 2 :
One can relate the λ(µ 2 ) to σ(µ 2 ) by considering the imaginary part of the above:
or,
The contribution to λ from the two body cuts can now be easily obtained from that of σ:
In the above, for the case of massless phions with only 3 point interactions, Γ(µ 2 ) = Γ introduced earlier, and for the case of massive phions,
We thus get the following in the approximation of keeping only the two body cuts :
For massless phions the lower cut c is 0 and for massive ones it is 4m 2 φ . The residue z of the propagator at a pole k 2 = −m 2 is given by:(k 2 = −s)
As an example, the residue at the tachyon pole m
H is easily seen to be the following for massless phions:
Now we are ready to determine the renormalization of σ ′ (call itσ) such that σ(s
we get, if such is pole is to be removed:
From this we see that:σ
As discussed in section 3.4 it gives the renormalization factor of (∆ + s 0 )/∆) for the tachyon in the massless phion case.
Such a procedure is quite general and may be used for any number of consistent subtractions. Thus if there are multiple unphysical poles that we wish to remove then the corresponding renormalized spectral density may be written as:
where, the z i denote the z-factors at the positions of these unphysical poles.
When the complete model is treated, i.e., the four point couplings are included and the Phions are massive, the unphysical pole structure is much more complicated. The corresponding pole positions, spectral functions and the z i functions may be obtained from the description of the model in section 1. we will summarize the various cases below:
case ( Then the tachyonic pole is always located to the left of −s. The other pole can be tachyonic or physical depending on the region of parameter space. This phenomena, where the pole switches from unphysical to physical and vice-versa has been noted earlier in ref. [6] . In fig.[11] , we have depicted an example of how the pole positions change in this manner as the parameters of the theory are varied. Of course the subtraction procedure introduced earlier and the subsequent renormalization must be carried out only for the unphysical poles. If s i denote the positions of the unphysical poles, then the corresponding renormalization factors z i are given by:
where,r 
